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Abstract
We investigate the Hawking radiation cascade from the five-dimensional charged black hole
with a scalar field coupled to higher-order Euler densities in a conformally invariant manner. We
give the semi-analytic calculation of greybody factors for the Hawking radiation. Our analysis
shows that the Hawking radiation cascade from this five-dimensional black hole is extremely
sparse. The charge enhances the sparsity of the Hawking radiation, while the conformally
coupled scalar field reduces this sparsity.
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Keywords: Hawking radiation, Greybody factor, Scalar field
1 Introduction
Black holes, as a fascinating and elegant object, are increasingly popular in classical and quantum
gravity theories. In particular, in virtue of semi-classical quantum field theory, Hawking [1]
revealed that black holes are actually characterized by thermally distributed emission spectra,
not completely black. This intriguing phenomenon, known as the Hawking radiation, is now
considered as certainly one of the theoretical topics of primary importance in fundamental
physics. Meanwhile, a plenty of works [2–19] devote to calculating the Hawking radiation in
order to explore a convincing insight into a possible quantum gravity theory.
In this paper, we make some efforts to discuss the Hawking radiation for a charged black hole
associated with a scalar field coupled to higher-order Euler densities in a conformally invariant
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manner in a five-dimensional spacetime [20–23]. In the situation of the scalar field conformally
coupling to the Einstein gravity, the well-known no-hair theorem forbids [24, 25] the existence
of scalar hairy black holes, especially in D > 4 dimensions. However, the recent research
shows [26–28] that the existence of scalar hairy black holes is becoming possible in arbitrary
D > 4 dimensions when a scalar field couples conformally to higher-order Euler densities. This
gravity theory is the most general scalar field/gravity coupling theory whose field equations are
of second order for both gravity and matter, and it can be regarded as a generalization of the
Horndeski theory [29, 30]. Hence, it is meaningful and necessary in this sense to study a five-
dimensional black hole as a banner of high dimensional black holes with a scalar field conformally
coupled to higher-order Euler densities. Here we mainly focus on the investigation of the sparsity
of the Hawking radiation flow in order to capture the physical picture of the Hawking radiation
out of the five-dimensional black hole with a scalar field. Taking a specific situation (see eq. (2.1))
in ref. [27] as our starting point, we calculate semi-analytically the Hawking radiation, and our
result indicates that the Hawking radiation cascade from this five-dimensional charged black
hole with a scalar field is extremely sparse. Specifically, the charge enhances the sparsity of the
Hawking radiation, while the conformally coupled scalar field reduces this sparsity.
The paper is organized as follows. In section 2, we give a brief review of the analytic solution
of the charged black hole with a scalar field in five dimensions. In section 3, we calculate the
total Hawking radiation power and the greybody factor for this five-dimensional black hole. We
then analyze the sparsity of the Hawking radiation cascade in section 4. Finally, we devote to
a brief summary in section 5. Note that the geometric units, ~ = c = k
B
= G = 1, are adopted
throughout this paper.
2 A Brief Review of the Charged Black Hole with a
Scalar Field in Five Dimensions
We proceed to reviewing the five-dimensional charged black hole associated with a scalar field
coupled to higher-order Euler densities in a conformally invariant manner. As a specific situation
of the literature [21, 27], the model’s action reads1
I =
1
κ
∫
d5x
√−g
(
R− 1
4
F 2 + κLm
)
, (2.1)
where κ = 16pi, g = det(gµν), R is the scalar curvature, F the electromagnetic field strength,
and gµν the metric with mostly plus signatures. Accordingly, the matter Lagrangian Lm takes
the following form,
Lm = b0φ
15 + b1φ
7Sµν
µν + b2φ
−1
(
Sµλ
µλSνδ
νδ − 4SµλνλSνδµδ + SµνλδSνµλδ
)
, (2.2)
1In fact, we take ak 6=1 = 0 and bk=0,1,2 6= 0 in ref. [27].
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where b0, b1, and b2 are coupling constants and Sµν
λδ is a four-rank tensor.
The above model admits an exactly charged black hole solution in five dimensions [21, 22],
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ21 + sin
2 θ1dθ
2
2 + sin
2 θ1 sin
2 θ2dϕ
2), (2.3)
where 0 ≤ θi < pi (i = 1, 2), 0 ≤ ϕ < 2pi, and the function f(r) takes the form,
f(r) = 1− m
r2
− q
r3
+
e2
r4
, (2.4)
with integration constants m and e related to the mass and electric charge of this black hole,
respectively. In addition, the constant q of the scalar field φ conformally coupling to higher-order
Euler densities has the form,
q =
64pi
5
εb1
(
−18b1
5b0
)3/2
, (2.5)
with ε = −1, 0, 1. Among the three coupling constants, b0, b1, and b2, there exists an additional
constraint: 10b0b2 = 9b
2
1, to ensure the formation of this black hole. The scalar field configuration
and the Maxwell gauge potential take the forms,
φ(r) =
ε
r1/3
(
−18b1
5b0
)1/6
, (2.6)
A =
√
3e
r2
. (2.7)
The black hole mass M and the temperature T are given by [21–23]
M =
3pi
8
m =
3pi
8
(
r2h −
q
rh
+
e2
r2h
)
, (2.8)
T =
1
2pirh
+
q
4pir4h
− e
2
2pir5h
, (2.9)
where rh is the horizon radius of the black hole that is taken to be the largest real positive root
of f(r) = 0. In the following sections, we shall investigate the Hawking radiation cascade from
this five-dimensional conformally coupled scalar field black hole.
3 Hawking Radiation and Greybody Factor
We start with the emission of neutral scalar particles. Now we consider the power spectrum,
i.e. the energy emitted per unit time for this five-dimensional charged black hole [31],
dE(ω)
dt
=
∑
l
σl(ω)
ω
eω/T − 1
d4kdA
(2pi)4
, (3.1)
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where T is temperature, dA is infinitesimal surface area, and σl(ω) are dimensionless greybody
factors which depend on the angular momentum quantum number l and frequency ω of emitted
scalar particles. For massless particles, |k| = ω and the phase space integration reduces to the
one over emitted frequency ω. Hence, the total Hawking radiation power in the finite surface
area A is
P =
A
8pi2
∑
l
∫ ∞
0
σl(ω)
ω4dω
eω/T − 1 . (3.2)
The effective surface area of four-dimensional Schwarzschild black holes is 27/4 times the area
of the event horizon in order to smoothly match the low and high frequency results [2]. Here for
the five-dimensional black hole, we can still approximatively regard its finite surface area A as
the horizon area in the present paper, i.e. A = 2pi2r3h, and such an estimation, in general, does
not affect the following analysis about the Hawking radiation cascade qualitatively.
The most important content of the Hawking radiation, more precisely, the semi-classical
Hawking radiation, is the calculation of greybody factors, which can modulate emission proba-
bilities of Hawking gravitational quanta. The surrounding of the black hole, from the horizon
radius to infinity, can be taken as an effective barrier. The greybody factor is the transmission
probability of these gravitational quanta through this effective barrier. The relevant behaviors
can be governed by the Klein-Gordon equation. For simplicity, we now discuss the excitations
for a massless scalar field Φ,2
1√−g∂µ(
√−ggµν∂νΦ) = 0. (3.3)
This field can be written [7–9] by virtue of the separation of variables as follows,
Φ(t, r, θ1, θ2, ϕ) = e
−iωtU(r)Y (θ1, θ2, ϕ). (3.4)
Inserting eqs. (2.3) and (3.4) into eq. (3.3), and completing the separation of variables, we can
obtain the radial equation,
f
r3
d
dr
(
r3f
dU(r)
dr
)
+
(
ω2 − f · l(l + 2)
r2
)
U(r) = 0, (3.5)
where f is described by eq. (2.4) and l(l+2) comes from the contribution of the angular equation
Y (θ1, θ2, ϕ). Then, introducing the so-called ‘tortoise’ radial coordinate, defined by dr⋆ ≡ dr/f ,
and the variable transformation,
U(r) =
R(r)
r3/2
, (3.6)
we reduce the radial equation (3.5) to a Schro¨dinger-like one,
(
d2
dr2⋆
+ ω2 − Veff
)
R(r) = 0, (3.7)
2We emphasize that this emitted massless scalar field is different from the conformally coupled scalar field.
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where the effective curvature potential takes the form,
Veff = f
{
l(l + 2)
r2
+
3f
4r2
+
3f ′
2r
}
. (3.8)
For the near horizon region r → rh, we can see r⋆ → −∞ and Veff → 0. For the far-field
region r → ∞, we have r⋆ → +∞ and Veff → 0. Hence, the radial solution only contains the
ingoing mode e−iωr⋆ near the horizon region, while in the far-field region, it comprises both the
ingoing mode e−iωr⋆ and outgoing mode eiωr⋆ . As a result, the greybody factor can be obtained
by calculating the absorption coefficient of such a scattering problem, but unfortunately as
far as we know, there are few exactly analytical results for the greybody factor. Therefore, a
wide variety of techniques have been used to deal with the estimate of black hole greybody
factors, like as the extremal limit and asymptotically high or low frequencies limit [7–13,32,33].
Interestingly, the literatures [34–37] give a hopefully simple analytic bound on the greybody
factor. Here we adopt this approach to tackle our problem. The general semi-analytic bounds
for greybody factors read as
σl(ω) ≥ sech2
(∫ +∞
−∞
ϑdr⋆
)
, (3.9)
where
ϑ =
√
(h′)2 + (ω2 − Veff − h2)2
2h
, (3.10)
and h is a certain positive function which only satisfies the conditions h(r⋆) > 0 and h(−∞) =
h(+∞) = ω. Here we just take a simple form h = ω, resulting in that the integration of eq. (3.9)
reduces to be ∫ +∞
−∞
ϑdr⋆ =
∫ +∞
rh
Veff
2ωf
dr. (3.11)
With the aid of eqs. (2.4), (2.8), (3.8), (3.9), and (3.11), we finally obtain the analytic bounds
to the greybody factor,
σl(ω) ≥ sech2
{
l(l + 2)
2ω
1
rh
+
1
2ω
(
3
2rh
+
3q
16r4h
− 3e
2
10r5h
)}
. (3.12)
In accordance with the above result, we can predict that the parameters q and e will play
an opposite role in the effects to the greybody factor due to the minus sign in front of e2. In
order to explain this phenomenon more intuitively, we plot the greybody factor (eq. (3.12)) and
the power spectrum (eq. (3.1)) in Figures 1 and 2, respectively, for this five-dimensional black
hole. We know that the greybody factor equals one for the perfect black body radiation, but it
is less than one for the Hawking radiation of black holes. From Figure 1, we can see that for
given l, e, and rh, the value of q depresses the greybody factor when it becomes large, while
the value of e enhances the greybody factor when it is becomes large.3 From Figure 2, we can
3Note that the range of q is from the negative infinity to the positive infinity, while that of the parameter e2
is just from zero to the positive infinity.
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Figure 1: (Left) Plot of the greybody factor σl(ω) with respect to frequency ω at l = 1, e = 1,
and rh = 2 for q = −14,−5, and 8, respectively. The arrow represents the direction of the
increasing parameter q. (Right) Plot of the greybody factor σl(ω) with respect to frequency
ω at l = 1, q = 1, and rh = 2 for e = 0, 2.8, and 4.1, respectively. The arrow represents the
direction of the increasing parameter e.
clearly observe that the peak power spectrum is gradually increasing with the increasing of q.
On the contrary, with the increasing of e, the peak power spectrum is gradually decreasing. In
a word, the parameters q and e play an opposite role in the effects to the greybody factor and
the power spectrum.
4 Sparsity of Hawking Radiation
In order to describe the semi-classical Hawking radiation flux out of the black hole, the litera-
tures [31,38,39] have introduced a dimensionless ratio to characterize the feature of the Hawking
cascade. Now we briefly review this strategy. The dimensionless ratio is defined as
η =
τgap
τemission
, (4.1)
where τgap is the characteristic time interval between the emissions of successive Hawking grav-
itational quanta out of the black hole and τemission is the characteristic timescale required for an
individual Hawking gravitational quantum to be emitted from the black hole. They are depicted
in detail by the following characteristics.
• τemission can be bounded by the time-period, which can be considered as the time the
corresponding emitted wave field needs to complete a full oscillation cycle. At the peak
frequency ωpeak which occurs when ω
4/(eω/T − 1) is maximized, the quanta emitted can
only be temporally localized to within a few oscillation periods. Hence,
τemission ≥ 2pi
ωpeak
=
2pi
T [4 +W (−4e−4)] , (4.2)
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Figure 2: (Top) Plots of the power spectrum dE(ω)/(dtdω) with respect to frequency ω at
l = 1, e = 1, and rh = 2 for q = −10,−5, and 8, respectively, from left to right. (Down) Plots
of the power spectrum dE(ω)/(dtdω) with respect to frequency ω at l = 1, q = 1, and rh = 2
for e = 0, 2.8, and 3.5, respectively, from left to right.
where W (x) is the Lambert-W function.
• τgap can be defined by using the reciprocal of the total Hawking radiation power P
(eq. (3.2)) and the characteristic peak frequency ωpeak. That is,
τgap =
ωpeak
P
=
T [4 +W (−4e−4)]
P
. (4.3)
• η ≫ 1 implies that the Hawking cascade is extremely sparse. The larger the ratio η is, the
sparser the Hawking radiation flow is.
• η ≪ 1 implies that the Hawking cascade is almost continuous. The smaller the ratio η is,
the more continuous the Hawking radiation flow is.
Next we use this strategy to analyze the five-dimensional black hole. Numerical results
of the dimensionless ratio η can be seen in Table 1 and Table 2. We can observe that the
dimensionless ratio η ≫ 1 for the five-dimensional black hole (regardless of the cases of q = 10,
20, and 40 in Table 1, in which the mass of the black hole is negative and the related analyses
will be given in the next section), which implies that the Hawking cascade is extremely sparse,
i.e. the radiation of the five-dimensional black hole typically emits one massless quantum at a
time. More importantly, when the coupled parameter q becomes small, the dimensionless ratio
η will become large enough, causing that the Hawking radiation flow is extremely sparse as
shown in Table 1. While from Table 2, we can obtain that the larger the charge parameter e is,
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the sparser the Hawking radiation flow is. Hence, the parameters q and e play an opposite role
in the effects to the Hawking radiation flow. The charge enhances the sparsity of the Hawking
radiation, while the conformally coupled scalar field reduces this sparsity under the condition
that the parameters q and e are getting large.
The dimensionless ratio η at l = 1, e = 1 and rh = 2
q -10 -5 2 6 10 20 40
η 6149.5 1730.2 176.72 75.958 38.596 10.908 2.1639
Table 1: The numerical results of the dimensionless ratio η for different q values.
The dimensionless ratio η at l = 1, q = 1 and rh = 2
e 0 0.9 1.5 2.0 2.4 2.8 3.4
η 176.08 215.55 318.79 548.91 1048.2 2724.6 42519
Table 2: The numerical results of the dimensionless ratio η for different e values.
5 Summary
We give the semi-analytic calculation of the Hawking radiation for the five-dimensional black
hole conformally coupled a scalar field. Our observation states clearly that the greybody factor
always has the effect of ‘increasing ’ the dimensionless ratio η because it can ‘suppress ’ the total
Hawking radiation power P , and that the parameters q and e always play an opposite role in
the effects to the Hawking radiation. This conclusion is mainly manifested in the following two
aspects.
• With the increasing of conformally coupled parameter q, the greybody factor is always
decreasing, resulting in that the total Hawking radiation power P increases and the di-
mensionless ratio η decreases.
• With the increasing of charge parameter e, the greybody factor is always increasing, re-
sulting in that the total Hawking radiation power P decreases and the dimensionless ratio
η increases.
We observe that the total power spectrum (eq. (3.2)), the greybody factor (eq. (3.12)),
and the sparsity of Hawking radiation (eq. (4.1)) depend obviously on the black hole mass and
the temperature. This characteristic is based on the two facts: i) the expression of black hole
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mass eq. (2.8) is utilized in the calculation of the greybody factor, and ii) the power spectrum of
Hawking radiation contains the temperature-dependent factor 1/(eω/T−1), see eq. (3.1), and the
sparsity depends on the temperature and the Hawking radiation power, see eqs. (4.2) and (4.3).
According to eqs. (2.8) and (2.9), we see M = M(rh, q, e) and T = T (rh, q, e). For fixed rh
and q, the black hole mass M increases and the temperature T decreases with the increasing of
charge e. However, the black hole mass M decreases and the temperature T increases with the
increasing of conformally coupled parameter q for fixed rh and e. Furthermore, our analysis shows
that the Hawking cascade from the five-dimensional black hole conformally coupled a scalar
field is extremely sparse. During the Hawking radiation, the black hole mass decreases rapidly
and the temperature increases rapidly with the increasing of conformally coupled parameter
q. In this situation, the radiation process is intensified, i.e., the greybody factor decreases and
the total Hawking radiation power increases, and thus the sparsity of the Hawking radiation
reduces. On the contrary, the situation of the increasing of charge e impedes the radiation
process and thus enhances this sparsity. Incidentally, there is a subtlety that the dimensionless
ratio is approximately in the order of unit, η ∼ O(1), in the process of increasing the value
of conformally coupled parameter q, which implies that the Hawking cascade from the five-
dimensional conformally coupled scalar field black hole is becoming continuous as shown in
Table 1 for the cases of q = 10, 20, and 40. Unfortunately, the mass of the black hole (see
eq. (2.8)) in these cases is negative [22]. With the increasing of q, the mass becomes negative
and the dimensionless ratio takes η ≪ 1. However, the negative mass situation has also appeared
in some Einstein-AdS gravity in the hyperbolic case, which can be related to the negative energy
density matter [40,41]. As a result, the Hawking cascade shows a continuous characteristic if one
accepts the negative mass black hole. This unwonted situation will be discussed in our future
work.
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